The Dirac equation is solved for various types of scalar potentials. Energy eigenvalues and normalized bound-state wave functions are calculated analytically for a scalar 1 / r-potential as well as for a mixed scalar and Coulomb 1 / r-potential. Also continuum wave functions for positive and negative energies are derived. Similarly, we investigate the solutions of the Dirac equation for a scalar square-well potential. Relativistic wave functions for scalar Yukawa and exponential potentials are determined numerically. Finally, we also discuss solutions of the Dirac equation for scalar linear and quadratic potentials which are frequently used to simulate quark confinement.
Introduction
Scalar potentials are coupled to the mass of a spin-|-particle in the Dirac equation and thus act effec tively as a position dependent mass. In contrast to this the minimal coupling of the electromagnetic poten tials is correlated with the momentum. In this paper we explore in more detail the strong coupling limit and determine maximum binding energies in scalar poten tials. The absence of the Klein paradox and of sponta neous pair creation [ 1 ] is emphasized. This represents one of the most intruiging pecularities of scalar inter actions in distinction, e.g., to the minimal coupling of electromagnetic potentials.
In principle even long-range scalar interactions can not be ruled out in nature. However, maximum val ues for the coupling constants can be deduced from precision measurements in atomic spectroscopy and in quantum electrodynamics that put very stringent limits on the variety of possible scalar interactions. The exchange of a new scalar particle [2] , [3] has been proposed to account for various unexplained phenomena in atomic physics. Again, from precision spectroscopy there is no evidence for any scalar in teraction. On the other hand, scalar potentials that increase with the radial distance are frequently em ployed in naive quark models due to their confinement Reprint requests to Prof. Dr. G. Soff. properties. It is worthwhile to note that analytical so lutions of the Dirac equation for a scalar harmonic oscillator potential can be derived, in contrast to a minimal coupling as the zeroth component of a fourvector.
Unlike its nonrelativistic counterpart, the Dirac equation can be solved analytically only for a rather restricted class of potentials. Among them is the 1/r-Coulomb potential which determines the gross features of the hydrogen spectrum. One further moti vation for our considerations is to derive additional so lutions of this fundamental equation of motion which, e.g., governs the theory of atomic structure. Cal culated energy eigenvalues and wave functions are compared with published results [1] , [4] - [13] . Fur thermore we refer to solutions of the Dirac equation for scalar potentials as published in [14] - [18] .
Our paper is organized as follows: In the next sec tion we introduce the fundamental differential equa tions and define our notation. In Sect. 3 solutions of the Dirac equation for scalar 1/r-potentials are discussed. As a new feature we evaluate normalized bound state wave functions and derive continuum state wave functions which are normalized on the en ergy scale. Special emphasis is laid on strong coupling constants Za. with the Sommerfeld fine structure con stant a « 1/137. Section 4 deals with solutions of this relativistic wave equation for a superposition of a scalar and a Coulomb-like coupled 1/r-potential. 0932 -0784 / 94 / 1100-0997 $ 06.00 © -Verlag der Zeitschrift für Naturforschung, D-72072 Tübingen A few misprints in the current literature are corrected. As a particular example for a short range scalar poten tial that can be treated analytically we study the oneas well as the three-dimensional square-well poten tial in Section 5. Again we predominantly concentrate on bound-state solutions for strong scalar couplings. The subsequent section briefly reviews analytical so lutions for linear and quadratic potentials that as a most exciting feature exhibit confinement properties being utilized in naive quark models. To describe the exchange of a possible scalar particle with mass /j we also explore numerical solutions of the Dirac equation for scalar Yukawa and exponential potentials. Finally we present a brief summary.
Premises
We will treat several spherically symmetric scalar potentials V(r). Using units with h = c -1, the stationary Dirac equation reads [ 1 ] ap + ß (mo + V (r)) if; = Etp, (1) where the standart representation of the Dirac matri ces is employed [1] , [19] 
It is well known that (1) can be seperated for spherically symmetric potentials. Using the spheri cal spinors [19] 
where x i = 0 and X -i -( ^ J* we start from the separation ansatz
In Sect. 4 we will also discuss the bound state solu tions of the Dirac equation with a superposition of a scalar and a Coulomb-like coupled 1 / r-potential. The radial equations then read for j = l-± ,
We also indicate a second order differential equation
It will also be useful to define A t for A t > 0, -A t -1 for A t < 0.
The bound state wave functions will be normalized according to
while the continuum wave functions are normalized on the energy scale, i.e. according to
3 . 1/r-potential As a particular example for a long-range potential we investigate the solutions of the Dirac equation for a scalar 1 /r-potential,
Here a denotes the fine structure constant, Z a is cho sen as coupling constant for convenience, since it sim plifies the comparison with the Coulomb case.
The bound state energies and unnormalized wave functions are given by Vasconcelos [4] as well as in [ 1 ] , [ 11 ] , [ 12] . We will derive them here for the sake of
and g = 2Ar.
The wave functions and energies are obtained uti lizing the ansatz G(e) = (m 0 + £ ) 1/2 e-e/2 (<t>i(e) + <fo(g) ) ,
By examining the radial differential equation close to the origin, one finds for r ->0 the solutions G(g) = (iq 1 and F ( q) = bg1 where 7 = +\/k2 + (Z a ) 2.
The negative square root has to be ruled out since in order for the wave functions to be normalizable the integral (9) has to be finite. To this end, 7 > -1 has to hold. But since k2 > 1 and, in contrast to the Coulomb case, (Z a )2 is added , only the positive square root leads to normalizable wave functions. With (12) one derives that if
TO=0 the following relations for the coefficients A m and Bm must hold:
as well as 
x 1F i ( -n #,2 7 + l ;e ). (17) In order to obtain a normalizable solution (12) , n' has to be a positive integer, or zero. This requirement leads to the energy eigenvalues
where n = n '+ j+ 1 /2 is the principal quantum num ber of the state. Observe that (13), (15) and (17) differ from those obtained for the Coulomb potential only by the sign of ( Z a )2 in (13) and by the interchange of E with mo-Bearing this in mind, it is straightforward to derive the normalized bound-state wave functions, following the procedure as in the Coulomb case (see e.g. [20] ). Thus the positive energy solutions read
g(r) = k + (A -B )
and
where
7 -1 -A r (mo ± E) r(27 + n ' + 1)
A numerical evaluation of the radial wave functions (19) and (20) the simultanous replacement of E by -E and k by -k (see e.g. [19] ). We thus find g(-E , -K ,r) = f{ E , k, r ) and f ( -E ,
The energy spectrum is displayed in Figure 1 . It can be concluded that the vacuum remains stable for a pure scalar coupling, no pair creation occurs, whatever the coupling strength is. It is also worth mentioning that the ordering of the levels differs from that for Coulomb-like potentials: The 2p3/2-state is bound more strongly than the 2p !/ 2-state.
Figures 2 and 3 demonstrate the formal resemblance of the positive energy wave functions in scalar and Coulomb-like coupled 1 / r-potentials. The solid lines display the large and small components in the scalar potential treated above, the dashed lines represent the radial wave functions in a Coulomb potential of equal strength. Figure 2 corresponds to an ls-state, while Fig. 3 depicts the radial wave functions for a 2p 3/2-state. There is of course a fundamental dif ference between the two types of couplings: while a Coulomb potential has either particle or antiparti cle bound states, the scalar potential can always have both.
We now discuss the calculation of continuum states. To begin with, we define Natural units are used.
will compute states that describe spherical standing waves as v -> oo, so k, remains a good quantum number. First we restrict ourselves to positive energy states, that is E > rriQ. The solutions for E < -mo will be obvious from the derived results. We make the ansatz
One obtains two equations for the </?*'s:
<P2- (23) Observe that p is real, so that x is purely imaginary. We
Since we want to derive standing waves at infinity, comparison of (23) and their complex conjugate leads to the requirement ipl = <^2-We thus have to solve (23) for ipi, leaving a phase that can be chosen such that if2 satisfies (23) . Combining (23) 
where 7 is as defined in (13) . Substituting ip\(x) = x ' provides the following equation for M :
The solution of (25) which is regular at the origin
x 1^( 7 + 1 + M/,27 + l;x ) , where y = m oZa/p. Resubstitution leads to (26) ipi(r) = AT(7 + iy) elT,(2pr)7 e ipr x i F i (7 + l + iy ,27 + l;2 ip r ), (27) where AT(7 + iy) is chosen for convenience, iV is de termined by normalization and elT ] is the phase factor mentioned above.
We will now determine the phase factor from (23) .
(ß(r) = r 7 e~ipr
x i F i (7 + l + iy ,2 7 + l;2*pr). (28) It follows
In summary it results
G (r) -(E + m o) 1^2 AT(2p r )7 {(7 + iy)e~ipr+iv
x i F i ( l + 7 + i?/,2 7 + l;2 ip r ) + c.c.}
where c.c. stands for the complex conjugate.
We now turn to the normalization of the continuum wave functions. We want to normalize (30) and (31) 'on the energy scale', i.e. according to (10) . This is to be understood asymptotically, since it turns out that the scattering phase is r-dependent in basically the same way as in the Coulomb case. For r ->00 we want F and G to assume the form tial. Again, for the scalar potential we have the same density for particle and anti-particle states, while the Coulomb potential distinguishes these cases. 
G = A (E +
coupled as the time-like component of a four-vector.
The corresponding radial equations are given by (5) . By the same reasoning as in Sect. 3 one employs the ansatz (12) . With (5) the resulting equations for the 0i 's are
For r -> 0, we find
In this case, formally normalizable solutions exist for negative 7, provided | k |= 1 and
and Am and B m as provided in (16) . But here we
Thus the same reasoning as in Sect. 3 leads to the energy eigenvalues
Observing that the normalized wave functions should 
ri\ Fi(l -n', 27 + l;2 A r),
Equation ( strength is displayed in Figure 6 . In this case, the negative sign of the square root in (48) has to be ruled Considering continuum states, we can again closely follow Section 3. Starting from the radial equations (5) using the substitutions (21) , one arrives at tions for the <£>*'s:
We again require ^ = ipi, thus calculating standing waves. Following Sect. 3, we derive a second order differential equation for ipi,
The ansatz (22) yields the following differential equa- 
+ ------------------------j -
Identifying the solution of (54) 
The negative energy continuum wave functions are, by the same reasoning as in Sect. 3, given by (39) and (40) with the appropriate changes in y, 7 , and e2iv as indicated above. Please note again the interchange of F with G corresponding to the sign changes of E, k and Z, since the charge of the particle is inverted by charge conjugation [19] . e2lT ? can be taken from (55) with the replacement Z -> -Z .
Square-well potential
We study the solution of the Dirac equation for a scalar square-well potential. We will demonstrate be low that the energy eigenvalues exhibit a remarkable behavior for this potential both in one and three di mensions. We will first sketch the one-dimensional solution, which is found e.g. in [1] .
Let

V (x ) =
-Vq for -a/2 < x < a / 2, 0 else.
We define three domains I (x < -a/2), II(-a/2 < x < a/2) and III (x > a/2). In domains I and III, the momentum is given by 
where « i = -zfci. This transcendental equation can be solved numerically to yield the energy eigenvalues.
If on the other hand &2 is purely imaginary, i.e. E 2 < (mo -Vo)2, the resulting transcendental equa tion is
where «2 = -ik2 , which again leads to the eigen values.
We will now consider the spherically symmetric case in three dimensions, where the potential is given by
Consider (7). We now distinguish two cases: First,
k2 -E 2 -(mo + V (r ))2 > 0. Then, by substituting g = k\r, the first of (7) which leads to the solution where the ji and yi are the regular and irregular spher ical Bessel functions [21] , respectively, and lK is as defined in (8) . Using (69), one obtains by virtue of the second of (7) the solutions for the small components
In the second case, k2 = (mo + V (r ))2 -E 2 > 0. Again, substituting g = k2r into (7) with the solution
Here, K ik+1/2 and I ik+i /2 are the modified spherical
Bessel functions [21] . Again, the solution for / is found to be
We now investigate the bound state solutions. For r < Ro we will first consider k2 -E 2 -(moVo)2 > 0, whereas for r > R q we always have fc2 > 0, since V(r) -0 and -mo < E < mo-Thus for (69) and (70) to be regular at r = 0 we have to require a2 = 0, while for r -> 00 (72) and (73) with 62 -0 hold. As in the one-dimensional case, the energy eigenvalues are obtained by requiring continuity of the wave functions at r = R 0, i.e. (74) where the subscript " < " refers to the solutions for r < Ro and "> " to r > R 0. Using (69), (70), (72) and (73) this implies k\ > 0 for r < R q.
On the other hand, if k2~ = (mo -Vo)2 -E 2 > 0 for r < R q, the regularity of (72) and (73) for r = 0 requires that b\ = 0. For r > Ro, we still have k% = u iq -E 2 > 0 and, replacing k\ by k2, (74) still holds.
We are thus lead to
Again, the energy eigenvalues are obtained by solving (76) numerically. To determine the remaining free parameters a i and b\ , respectively b\ and b2, we use the requirement g<(k\Ro) = g>{k2Ro) to obtain
or g<{k2Ro) = g>{k2R 0), which yields The last remaining parameter is fixed by the normal ization of the wave functions according to (9) .
The energy eigenvalues of a fermion in a one dimensional square well potential are shown in Fig. 8 , where the spatial extension of the well was chosen to be 10 Compton wavelengths. Observe that no crossing of the states appears, i.e. no pair creation takes place. All of the bound states except for the strongest bound one disappear as the potential depth increases. The strongest bound state asymptotically reaches E = 0 in the one-dimensional case. In this limit any addi tional vacuum fluctuation may lead to spontaneous pair creation. Figure 9 displays the energies in the three-dimen sional case. The states exhibit essentially the same behavior as in the one-dimensional example. The dif ference is that the lowest lying state does not approach E = 0, but its energy remains finite.
The asymptotical value for Vo -> oo is found as follows: First, observe that in the asymptotic region -2 k2 > 0 holds and that the lowest lying positive en ergy state corresponds to « = -1. Using (8) and (76) we thus have to evaluate E(Rq) for Vq -► oo from 
E + mo E + mo Some examples of bound state wave functions are displayed in Figs. 10 to 13. Figure 10 depicts the strongest bound state, corresponding to the 1 s-state, at a potential depth of Vo = 0.45 mo -The wave func tions as well as the probability density shown in Fig.   11 are continuous but not differentiable at r = Ro due to the discontinuity in the potential. In Figs. 12 and 13 the same state is displayed, the potential depth now being Vo = 1.5 mo-In this region, the higher states are increasingly less bound. are of interest because they exhibit confinement prop erties. The Dirac equation for the linear potential was solved by Critchfield [5] , the quadratic potential has been discussed by various authors [6] - [8] , In general, Su and M a have schown that confinement is possible only if the scalar potential is stronger than the po tential coupled as the time-like component of a fourvector to the same power of r [9] . We will compute a series solution for the general type of potential given in (86). Energy eigenvalues are compared with those obtained by Critchfield [5] and Ram and Arafah [8] for special cases. It is verified that confinement exists in either case.
The radial equations read 
Assuming P and Q to be power series, 
Using the second of (92) to express qk and qk+1 in terms of the pi, one finally has where
Since pk vanishes for k < 0, from (93) it follows AqPi + B qPq = 0, where po is a normalization factor. Assuming u) ^ 0, (93) and (94) lead to
as k -* 00. Then the normalizability of the wave function requires that [5] energy eigenvalue we found it more convenient to employ similar procedures as in [22] . For the special case mo = 0 and for a scalar linear potential we obtained perfect agreement with the tabulated data of Critchfield [5] , while for scalar linear and quadratic potentials we achieved fair agreement with the ap proximative results of Ram and Arafah [8] .
For a limited parameter range for rj and mo = 1 the energy eigenvalues E of the lowest states with k = -1, -2 and 1 are displayed in Fig. 14 (97) and (98) we solved the radial equations numerically employing the techniques as described in [23] .
The exponential potential (98) is finite at the ori gin and thus does not differ considerably from the three-dimensional square-well potential. The numer ical integration is started for r -> 0 using the initial values (69) and (70) with a? = 0 and the potential (98). In contrast to this the Yukawa potential (97) exhibits an 1 / r-behavior close to the origin. Conse quently, we start the numerical integration for r -> 0 with the initial values ( 12) and (17) .
The energy eigenvalues for the most strongly bound states in the exponential potential (98) with /j, = 0A
are displayed in Fig. 16 dence of E on the potential depth displays some sim ilarity with the results for a Coulomb-like potential ( Fig. 1 ) and for the three dimensional square-well potential ( Figure 9 ). Correspondingly, the energy eigenvalues for some innermost bound states in the singular Yukawa poten tial (97) with /i = 0.1 are plotted in Figure 17 . Again compared with the outcome for a pure 1 f r -potential (cf. Fig. 1 ) the dependence of E on Z for a scalar Yukawa potential is not drastically modified.
We have solved the Dirac equation for various types of scalar potentials which are coupled to the mass. In our investigations special emphasis was laid on the strong coupling limit for the scalar inter action for which there is no spontaneous pair cre ation. We explicitly derived eigenvalues and normal-
